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Analytical and Numerical Solutions
for Natural Convection in a Corner

Paolo Luchini*
University of Naples, Naples, Italy

Laminar natural convection flow in a corner delimited by a vertical heated semi-infinite plate and a second
room-temperature plate forming an arbitrary angle is studied both analytically and numerically. Analytically,
repeated use of the matched asymptotic expansions technique shows that the boundary layer along the vertical
plate is described, to first order, by Polhausen’s classical similarity solution; this buoyancy-induced flow drives
an outer irrotational flow which, in turn, provides the motive force for a self-similar viscous boundary layer
along the second plate. In the numerical approach, a variable-spacing, finite difference method with dynamic
mesh modification permits a solution of the Navier-Stokes equations to be obtained in the whole field, confirm-

ing the validity of the approximate analytical model.

I. Introduction

RESENTLY, natural convection is well in the core of

basic fluid dynamic research, with several papers being
published each year; see, for example, the 1984 Annual
Review of the International Journal of Heat and Mass
Transfer.!

One main issue in this field is the buoyant flow excited by a
heated vertical plate. Although research on this problem can
be tracked as far back as 1881,2 only in the 1930s was it posed
in a proper frame when Polhausen found his classical similar
boundary-layer solution.? Since then many researchers have
studied, and are still studying, different aspects of this prob-
lem, e.g., transient behavior,*® the effect of simultaneous
mass and heat transfer,%’ interaction with forced convection,?
finite-plate®1? or inclined-plate!? situations, and flow through
porous media.'*

This paper deals with the flow existing in a corner formed
by two semi-infinite plates (one of which is vertical and
heated above room temperature), with particular regard to
the flow that develops outside the buoyant boundary layer
next to the vertical wall. The outer flow generated by a
buoyant boundary layer was studied in the past for the case
of a semi-infinite or finite heated vertical plate isolated in
free space. Yang and Jerger® addressed this problem for a
vertical finite plate to generate higher-order boundary-layer
corrections to Polhausen’s solution; in fact, the first bound-
ary-layer correction is coupled to the first nonzero outer ap-
proximation. Their work was extended by Kierkus!* who
considered an inclined plate, showing that the difference be-
tween forward and backward inclination appears in the sec-
ond boundary-layer approximation. Yang and Jerger’s work
was later criticized by Clarke,!® who argued that they did not
account properly for plate finiteness and gave the outer solu-
tion for a semi-infinite vertical plate; Kierkus’ paper was
criticized similarly by Riley,'® who studied the flow
generated by a semi-infinite inclined plate.

All of these papers dealt with a heated vertical plate
isolated in free space. The corner problem does not seem to
have been analyzed previously.

Natural convection in such a geometry, for the particular
case of a 90-deg corner, has been studied experimentally in
Ref. 17, measuring the heat transfer from the wall. The
results presented therein are in good agreement with the
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classical boundary-layer theory?; in fact, as also appears in
the present paper, heat-transfer phenomena are limited to
the vertical boundary layer and are influenced only at higher
orders of approximation by the presence of the second wall,
which, on the other hand, has a zeroth-order effect on fluid
motions outside the thermal boundary layer.

The present theoretical study starts from the two-
dimensional Navier-Stokes equations with the Boussinesq
approximation.

For the approximate analytical solution, by repeated use
of the inner-outer technique, several regions are identified in
which different approximations are valid, in a sequel starting
from the vertical boundary layer. Preliminary results of this
analysis are contained in Ref. 18.

For the numerical solution, a self-adapting, variable-
spacing, finite difference method devised by the present
author!® is adopted. Indeed, a variable-spacing method is
necessary to solve the Navier-Stokes equations for two
reasons: the presence of rapid variation regions, which re-
quire a fine mesh, together with slow variation regions,
where a much coarser mesh is sufficient, and the infinity of
the solution domain, which requires truncation along a
suitably far line and use of a larger and larger mesh ap-
proaching this line. The adopted method dynamically
generates the mesh during the calculation, finding the proper
size in each region automatically. The good agreement
observed between the numerical solution, performed for a
90-deg corner, and the approximate analytical solution at-
tests to the validity of the approximation.

II. Equations and Boundary Conditions

A domain bounded by two semi-infinite plates forming an
angle ¢, between them (one being vertical and heated at a
temperature ¢, and the other inclined and at room temperature
t,) is considered (see Fig. 1).

The equations describing the steady, thermofluiddynamic
field in this domain in the Boussinesq approximation are, in
dimensionless form,

divk=0 (1a)
V.gradV +gradp=A,V+ TX (1b)
V-gradT= (1/P)A, T (1¢)

where P is the Prandtl number and X is a unit vector in the
vertical (x) direction; T is the temperature difference from
room temperature nondimensionalized with respect to
At, =t, —t,; the reference length is Ly =(»?/gBAt,)3, where
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v denotes the Kinematic viscosity, g the gravity acceleration,
and B the thermal expansion coefficient; the reference veloc-
ity is Vy=v»/L; and p, the pressure differencé from hydro-
static = pressure, is nondimensionalized with respect to
po=pV}.

The formulation of Egs. (1) in terms of stream function
and vorticity w, which we shall also adopt, can be obtained
by defining ¢ so that y, = —v and ¥, =u (« and v being the
velocity components along the x and y axes) and w=u,—0,.
Then Egs. (la) and (1b) can be superseded by

AyY=w (1d)
V-grado=A4,0+T7, (le)

The boundary conditions are 7=1 on the vertical wall, 7=0
on the second wall, and ¥=0 on both walls.

It is important to observe that no characteristic length is
defined by the geometry. of this problem; therefore, a
Reynolds or Grashof number cannot be constructed with ab-
solute meaning. Although we shall find it useful to introduce
a local Grashof number in the analytical approach, it should
not be forgotten that the basic equations of the problem,
Eqgs. (1), depend on one parameter only—the Prandtl
number.

III. Analytical Approach
Identification of Subregions

In the solution of the present problem several subregions
with different behaviors can be recognized (Fig. 2). First, the
flow presents a completely different character at a distance
from the corner very large or very small compared to the
characteristic length L, i.e., much greater or much less than
unity in the dimensionless formulation of Egs. (1). Second,
the region far from the corner can be further subdivided into

Fig. 1 Geometry
of the problem.
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two boundary layers close to the walls and an irrotational
outer region. )

To show the existence of these regions, we introduce a
suitable rescaling of variables for each of them, after which
a small parameter appears multiplying some of the terms of
Egs. (1) and an approximation becomes possible. In par-
ticular, to study the region close to the corner, with a size
small compared to L, a fictitious reference length L<L, a
new reference velocity (L/Ly)*V,, and a new reference
pressure (L/Ly)p, are adopted, thus obtaining the equations

A V+Tx—gradp=(L/Ly)*V-gradV (2a)
A,T= (L/Ly)’PV-gradT (2b)

which for small (L/L;)? reduce to the Stokes equations.

To study the far region, at a distance from the corner
much greater than L,, a reference length L L, is intro-
duced, adopting a new reference velocity (L/Ly)"*V, and a
new reference pressure (L/Ly)p,. Thus, we obtain the
equations

V-gradV +gradp—Tx= (Lo/L)>?AV (3a)
V-gradT= (L,/L)3?A,T/P (3b)

which for small (L,/L)*? reduce to the Euler equations.

As is known, since substituting Eqs. (3) with the Euler
equations the highest-order derivatives are lost, this approx-
imation is not uniformly valid and boundary layers must be
introduced near the walls. To obtain the equations for the
boundary layer near the vertical wall, we consider L and
(L/Ly)V?V, as the reference length and velocity only in the x
direction, and L'Y4L¥* and (L,/L)*V, as the reference
length and velocity in the y direction, thus finding

uu, +vu, +p,—T—u,, = (Ly/L)¥u,, (42)
Dy = (Lo/LY3? (v, —uv, —v0,) + (Ly/L)3 v,y (4b)
uT,+vT,—T,,/P=(Ly/L)"?Ty/P (40)

To analyze the other boundary layer, the orientation of
the reference frame must be changed so that one of the axes
lies along the second wall.

Having so redefined the axes, the reference lengths and
velocities for this region must be taken as L and (Ly/L)V*V,
for the longitudinal (x) direction and L, and (L,/L)**V, for
the normal (y) direction. The resulting equations are

Uy +ou, +py—u,, ={(Lo/LYV2T+ (Le/L)*u,,  (5a)
Dy=(Lo/L)"*(v,,—uv,—vv,)+ (Ly/L)3v,, (5b)

uT,+vT,—T,,/P=(Ly/L)¥*T,./P (50)

The approximations afforded by Egs. (2-5) must be prop-
erly matched to each other to determine the boundary condi-
tions for each region. The coupling between the boundary
layers and the irrotational region can be realized by means of
the classical theory of matched asymptotic expansions. On
the contrary, this theory cannot be applied to the coupling of
the. Stokes region with the others because of the lack of a
region where both approximations are simultaneously valid.
Instead a region exists, indicated in Fig. 2 as the transition
region, where neither approximation holds, because all of
the terms in Egs. (1) are of the same order of magnitude.
However, it must be noticed that this transition region is
located at a distance from the corner of the order of L, and,
assuming for instance »2/g8=10-% m3-K (air), one has
Ly;=0.5 mm for Af, =100 K and L,;=2 mm for A7,=1 K.
Therefore, the transition and Stokes regions have a very
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small extension and their existence can be neglected in many
applications.

Vertical Boundary Layer

By expanding in Eqgs. (4) each unknown fin a series of the
form?0

FOoy,e)= Y, 8:()f: (x9) (6)

i=1

where e=(Ly/L)*? and limé; . ,/8;=0, at leading order the
Prandtl boundary-layer eequations are obtained.

The standard application of the matched asymptotic ex-
pansions technique, for instance to forced flat-plate flow, re-
quires the irrotational outer flow to be determined first and
is then used to give boundary conditions to the boundary
layer. In the free convection case, contrary to the forced
convection case, the irrotational region must be considered
at rest in the first approximation. As a consequence, the ver-
tical boundary-layer equations must be solved with a condi-
tion specifying zero outer velocity, and are not affected at
the first approximation by the existence of other bodies such
as the second wall. Therefore, the boundary conditions to be
associated with the vertical boundary-layer equations are:
u(x,0)=v(x,0)=0, T(x,0)=1, u(x,o)="T(x,»)=0, u(0,y)=
7(0,»)=0, and the well-known similar solution® is obtained
in the form

u=x"2F{(z), T=G(z2), z=y/x* )

In particular for P=0.71: u,(x,0)=F/(0)x"* =0.958x"4,
T,(x,0)=G/(0)x~ 4= —-0.355x"14, and v(x,®)=
— [3F ()/4]x~ 4= — 1.264x~ /4,

Notice that L was introduced in Eqs. (4) only as an expansion
parameter in order to find an approximation valid on a length
scale that was large compared to L,; since the value of L has not
been specified, the resulting solution, Eq. (7), is valid for any L.
Now that the solution has been obtained, it is convenient, for
the purpose of matching the different regions, to set L=1L,,
i.e., to go back to the variables used in Eqgs. (1).

Irrotational Region

By expanding each unknown in Eqs. (3) in a series similar
to Eq. (6), an approximation valid in the region far from
both walls is obtained.

Choosing the coefficients §,(e) for velocity (8,,), pressure
(65), and temperature (8,7) so that the greatest possible
number of terms of Eqs. (3) are of the same order in ¢, one
obtains the relations 8,, = 6,7 = 83, and Egs. (3) reduce to the
Euler equations in the leading (second) approximation.

In the ¥, formulation, the Euler equations are

A= (8a)
V-grado=T, (8b)
V-gradT=0 (8¢)

Equation (8c) gives a constant temperature along each
streamline; since T=0 at infinity, T=0 everywhere. Then
Eq. (8b) yields a constant vorticity along each streamline,
and by the same argument we find that w=0 identically.
This region is therefore irrotational.

To find the boundary conditions for Eq. (8a) we observe
that we are calculating what would normally be the second
approximation to the outer region (in the present case the
first approximation is zero). That is why this region must be
analyzed after the boundary layers are analyzed. In par-
ticular, on the vertical wall the normal velocity must be im-
posed to equal the asymptotic value resulting from the
boundary layer. Using once again the primitive scaling of
Eqs. (1), from Eqg. (7) the condition descends to y(x,0)=
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F,(o)x¥* [where, for example, for Pr=0.71, F () =1.685].
On the second wall, where no heat source exists, the boundary-
layer solution corresponding to a null outer velocity is identi-
cally zero, and the normal velocity for the second outer approx-
imation must be imposed to vanish.

To summarize: To find the leading term of the outer ex-
pansion one must solve the Laplace equation, A,y =0, with
the conditions ¢ = FF,(e)x** on the vertical wall and y =0 on
the second wall. To complete the statement of this problem,
the behavior of ¢ at infinity must also be assigned. The cor-
rect choice of this behavior is not trivial, because y is re-
quired to go to infinity at x*/* along the vertical wall. Taking
into account that, in reality, the infinite plate models a very
long but finite plate the solution that is interesting from a
physical point of view is the one obtained by limiting the
heating to a finite length and then, after having found the
solution, letting this length go to infinity. To this end it is
useful to express the solution as follows, using Green’s func-
tion G:

@

Ve == | 9006, (xrx,0dx ©

where Green’s function for a corner of angle ¢, is

1
G=—-1
27 08

z§—z
zi—z°

with z=x+iy, Z=x—1y, 2, =X, +iy,, and a=7/p,. As

G 0y = 1 Im(z%)ax$~!
» (62:2,0) = 2 x}—2Re(z?)x{ + Iz

we obtain that the integral of Eq. (9) is convergent only if
¥(x,0)/x? vanishes at infinity. In particular, for Jocx**4, the
condition a>3/4 implies ¢, <4x/3, so that the solution ex-
ists only for an angle smaller than this limit. In other words,
when ¢y =4x/3 it is not possible to approximate a long but
finite heated plate using an infinite one, because in the
limiting process of letting the plate length go to infinity the
whole solution becomes infinite.

The solution, in the range where it exists, can be found
without explicitly calculating the integral of Eq. (9) by sim-
ply noticing that the complex analytic function which
reduces to x** on the x axis is z3/4. Multiplying this by the
coefficient e~?#0’4, one obtains a function whose imaginary
part vanishes for ¢ =¢,. Therefore, the solution is

Y=F, (oo)Im[e~"¢0/4z3/4] /sin( —3¢y/4)
that is, in polar coordinates
Y=F, (00)r¥*sin 13 (¢ —¢g) /41 /sin( - 3¢,/4) (10)
For ¢,—4w/3, ¢ is infinite, as expected; for ¢,>47/3, Eq.
(10) yields a solution of the problem devoid of physical
meaning.

According to Eq. (10), the longitudinal velocity V, at the
second wall is

V= —3F, (o)r 1*/4sin(3¢,/4) an
the minus sign denotes that the flow is directed toward the
corner.

The longitudinal velocity u at the vertical wall is

u=—3F; ()x~4/4tan (3¢,/4)

and is much smaller than in the boundary layer (where it is
proportional to x!/?), as can be expected since it is a second
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approximation. Notice that the outer longitudinal velocity at
the vertical wall is directed toward the corner for angles ¢,
less than 27/3 and away from the corner for angles greater
than this limit.

Secondary Boundary Layer

Due to the flow induced in the outer irrotational region a
boundary layer also develops on the second wall.

By expanding each unknown in Egs. (5) in a series similar
to Eq. (6), the equations valid in the secondary boundary-
layer region are obtained. [Recall that x,u and y,v have been
redefined for the scope of Eqgs. (5) to be parallel and normal,
respectively, to the second wall.] At the leading approxima-
tion, the Prandtl boundary-layer equations are obtained;
again letting L = L, the boundary conditions are the follow-
ing: u(x,0)=v(x,0)=T(x,0)=0, u(x,»)=—Ux "4, and
T(x,o) =0, where Uy,=3F;(»)/4sin(3¢,/4) is the
longitudinal velocity imposed by the outer region.

No condition is given at x=0, because this is a singular
point of the solution. Instead of specifying such a condition,
it is imposed that the solution be similar, on the basis that no
characteristic length exists in this boundary layer which
could justify a nonsimilar solution. Thus, we find that

T(xy)=0, u(xy)=x""*F/(z), z=y/x8 (12)
where F, is the solution of
Fy' = (U} —F{?)/4—3F,F; /8 (13)

with the conditions F,(0)=F,(0)=0 and F; ()= —-U,. U,
can be eliminated from Eq. (13) by letting F,(z)=
—~ UY?F(UY?z), where the function F;(z), independent of
U,, obeys the equation

Fy = (F{2—1)/4+3F,F{' /8

with the conditions F;(0)=Fy(0)=0, F; (o) =1.
A plot of Fj(z), obtained by numerical integration, is
drawn in Fig. 3. The friction coefficient u,(x,0) is

uy (X,O) = 3” (O)ZJ(S)/Z-X‘W8
= —0.529[3F, (o) /4sin(3e,/4)] ¥2x- 7 (14)

and depends on the Prandtl number through the factor
F; ()% and on the angle ¢, through the factor sin—3?2
X (3¢y/4).

Characteristic of this region is the unusual shape of the
boundary layer, whose thickness decreases in the streamwise
direction, losing fluid to the outer region.

It is interesting in this respect to follow a streamline in its
path through the three convective regions, which are all
located at a distance from the corner much greater than L.
A generic streamline originates in the secondary boundary
layer, following a line y = const-x7/!® at infinity (x and y be-
ing chosen parallel and normal to the second wall, respec-
tively). Then it crosses the outer edge of the boundary layer
and enters the irrotational region along a line y =const-x!/4,

In the outer region the streamline bends downward and
eventually approaches the vertical wall at an angle 3¢,/4,
greater or smaller than 7/2 depending on whether ¢, =27%/3.
Once in the vertical boundary layer, the streamline bends
rapidly upward, finally going to infinity along a line
y=const-x~1/8 (where x and y are now parallel and normal
to the vertical wall).

A typical streamline is given in Fig. 4 for an angle
wo=m/2. '

Notice that no thermal effects are present out of the ver-
tical boundary layer, therefore, the thermal behavior of the
second wall (e.g., whether it is isothermal or adiabatic) is
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unimportant. This is true even in the higher-order boundary-
layer approximations, because temperature becomes ex-
ponentially small out of the thermal boundary layer.

Stokes Region

At a distance from the corner that is small compared to
Ly, Egs. (2) must be used, which reduce to the Stokes equa-
tions at leading order.

The boundary conditions are T=1 on the vertical wall,
T=0 on the second wall, and V=0 on both walls.

The most general regular solution of this linear problem
can be expressed in polar coordinates r and ¢, in terms of
the stream function V¥, as

T=g(e)+LA;r%g;(¢) (15a)
Y=r3f() +LA,;r%3f, (o) +LB;rbih; (¢) (15b)
1
5
051
] r ; v
0 2 4 6 z

Fig. 3 Plot of the second boundary-layer velocity F3(z).

Fig. 4 Typical streamline for oy =7/2.

Fig. 5 Streamline
pattern for the solu-
tion of the Stokes
equations (g =7/2).
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Fig. 6 Calculation grid for a 100 x 100 square.

where a; and b; are positive, generally noninteger exponents
and A; and B, arbitrary coefficients. Notice, however, that
the expansion in terms of L/L, is actually an expansion in
terms of r, because at any distance from the corner one can
always set either L equal to that distance and r equal to one,
or vice versa. For this reason only the term with the lowest
power of r in Eqs. (15) must appear in the leading approx-
imation, and all of the A;s and B;s must be set equal to zero.

To determine g and f we observe that the Laplacian of a
function of the form r?F(p) is r*~2(F” +a*F), and the Stokes
equations in Y- form, A, =w, Ayw=T,, A,T=0, reduce to
the ordinary equations

g"=0, h"+h=—g'cosp, f"+9f=h (16)

where w=rh(p), with boundary conditions g(0)=1,
g(pp)=0, and f(0)=f"(0)=flpe) =S (¢o)=0. The solution
of the first equation is g=1—¢/¢,. The solution of the sec-
ond equation is then A= (¢/2¢,)sing + C;sing + C,cos¢,
where C; and C, cannot be determined before solving the
third equation. Finally, the expression of f results to be

16f'= (@/¢)sing+ [ (1/sin?p, — cotey /¢y — 2)sing
+ (1/¢, — 2cotep, Ycose ] sinZe amn

The resulting streamline pattern for ¢,==/2 is shown in
Fig. 5.

Finally, we note that if the second wall is assumed to be
adiabatic rather than isothermal, the temperature must be
constant everywhere in this region at the leading approxima-
tion so that no buoyancy-induced flow exists at leading order
and the first nonzero term in the expansion of i comes from
coupling with the far region. This coupling, however, is not
easy to calculate because an overlap region where both the
Stokes and convective approximations are simultaneously
valid does not exist. On the contrary, a transition region oc-
curs, represented in Fig. 2 at a distance of order L,, where
only the full Navier-Stokes equations apply.

IV. Numerical Approach
Calculation Method

To solve the Navier-Stokes equations numerically [Egs.
(1)1 for the present problem, several difficulties must be
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overcome, the foremost of which are the presence of regions
characterized by a markedly different behavior of the flow,
already put in evidence by the previous analysis, and the in-
finity of the integration domain. To handle this situation a
variable-spacing method is necessary in order to have a finer
mesh in the boundary layers where the gradients are higher,
together with a coarser mesh in the outer region, and a
general increase of the mesh size approaching infinity.

The particular method chosen, developed by the present
author, is also self-adapting, modifying dynamically the
distribution of mesh points during the calculation on the
basis of the evolving solution.

This method, only a brief sketch of which will be given in
the following, is described in Ref. 19. At its basis is a mesh-
management algorithm which adds or deletes single points
from the mesh in such a manner that each point is always the
center of a symmetrical cross formed with four other points.

Contrary to most variable-spacing schemes in the
literature, the method presented herein is not based on a
coordinate transformation and the mesh points are not
ordered along coordinate lines. This choice has the advan-
tage that points can be added to or deleted from the mesh
singularly and a local refinement does not require a global
readjustment.

The addition-deletion process is automatically performed
under control of a routine determining whether or not the
size of each cross is adequate on the basis of the magnitude
of the second derivatives of the unknowns.

The equations in the Y- form [Egs. (lc-1¢)] are discre-
tized over each cross using upwind-weighted central dif-
ferences for all of the first derivatives; to solve these equa-
tions a false-transient explicit method is adopted using a
local equivalent time step adjusted at each point at the
stability limit and a special form of the convective terms to
extend this limit.

An explicit method is chosen because a totally implicit
method, requiring the inversion of a large matrix at each
iteration step, does not seem convenient in false-transient
calculations, where the precise evolution of the unknowns at
intermediate time steps is not relevant, and a partially im-
plicit method (for example, alternating direction implicit) is
not immediately applicable to our variable-spacing mesh due
to the lack of coordinate lines.

As given in Sec. II, the boundary conditions for the pres-
ent problem are 7=1 and V=0 on the vertical wall and
T=0 and V=0 on the second wall. In discretizing these
boundary conditions, two difficulties must be overcome:
1) the nonrectangular shape of the domain, whose contour
does not pass exactly through mesh points, and 2) its infin-
ity, which requires a cut of the domain itself and the imposi-
tion of suitable truncation conditions.

Mesh points not falling exactly on the boundary can be
handled using interpolation formulas; however, in the pres-
ent analysis we shall consider only the case ¢,=90 deg, in
which the second wall is horizontal. The temperature condi-
tion on the walls is thus immediately imposed; the discretized
form of the velocity condition can be expressed in terms of
the variables ¥,w transforming the no-slip condition to a
condition for w by means of the Thom formula.?!

The problems posed by the infinity of the solution domain
deserve a longer discussion.

To cope with infinity two routes are possible: truncating
the domain along a fake boundary far enough from the
origin, or mapping it onto a finite one by a coordinate
transformation. It must be noticed, however, that a coor-
dinate transformation does not eliminate the need to in-
troduce truncation boundary conditions based on the asymp-
totic behavior of the solution, as the infinity of the original
domain is mapped into a singularity that must be excluded
from the numerical calculation. Therefore, a coordinate
transformation is not useful in connection with our self-
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Fig. 7 Streamlines and isothermal lines for L =100.
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Fig. 8 Bilogarithmic plot of the second wall skin friction for the
case L =100, together with the boundary-layer solution (broken
line).

adapting grid, which by itself can grow wider and wider
while approaching infinity.

Giving the appropriate truncation conditions is a most
delicate aspect because even in the statement of the analytical
problem it is difficult to assign conditions at infinity such
that one, and only one, solution exists; in the approximate
analytical solution we have adopted for each region condi-
tions specialized for the particular approximation, but the
behavior at infinity characteristic of the various regions is
difficult to put together. In fact, in the vertical boundary
layer velocity is diverging at infinity, while in the other
regions it is vanishing. On the other hand, in the outer
region the analysis performed using Green’s function showed
that even the condition of vanishing velocity is not sufficient
for a generic angle ¢, (even if it is sufficient for ¢y =7/2) to
identify the physically significant solution, and for ¢y =4x/3
a solution of the infinite problem does not exist at all; for
the second boundary layer we have not specified explicit con-
ditions at infinity, but rather given them implicitly, by im-
posing that the solution be similar, on the assumption that
the similar solution represents the limit of the boundary layer
formed on a finite plate when the leading edge goes to
infinity.

Because of the peculiar character of the vertical boundary
layer, different numerical truncation conditions must be
given for this and the other regions. The boundary-layer
edge must be itself determined during the calculation, and we
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Fig. 9 Streamlines for L =500.

put it at the point of the boundary where the direction of
velocity changes from inward to outward.

Even in the region out of the vertical boundary layer it is
not possible to assume as a truncation condition V=0
because, as shown by the analytical approach, velocity in the
outer region vanishes at infinity only as r~ V4. In addition,
the condition imposing the vanishing of the normal
derivatives of the three unknowns leads to a too large distor-
tion of the flowfield. By relying on the previous analysis of
the irrotational outer region, we impose the vanishing of the
directional derivatives of the three unknowns along the direc-
tion of the theoretical streamlines in the part of the bound-
ary where velocity is directed inward, preserving the
vanishing-normal-derivatives condition for the region where
velocity is directed outward.

Analysis of the Results

The numerical calculation was performed for ¢, =#/2 and
P=0.71, adopting a square solution domain, with various
choices of the square side L, i.e., the position of the trunca-
tion limit, up to a value of 500.

Particular attention was given to the secondary boundary
layer, where the asymptotic behavior represented by bound-
ary-layer theory is approached less rapidly.

As an example of the variable-spacing grid automatically
generated by the present method, the grid for the case
L =100 is reported in Fig. 6. As can be seen, the majority of
the mesh points is packed close to the vertical wall because
of the slight thickness of the vertical boundary layer; a much
more moderate packing exists near the horizontal wall
because the secondary boundary layer is much thicker, and
the mesh is coarsest in the outer region far from both walls.

The streamlines and isothermal lines obtained in the
calculation with L =100 are shown in Fig. 7; the skin fric-
tion, i.e., the vorticity, on the secondary wall is shown in
Fig. 8 on a logarithmic scale together with the theoretical
boundary-layer prediction. While the streamlines clearly ex-
hibit the shape sketched in Fig. 4 and the vertical boundary
layer appears sharply defined, the secondary boundary-layer
skin friction is still not close to the predicted asymptotic
behavior. .

Similar plots for a calculation performed with a square
side of 500 appear in Figs. 9 and 10. (In Fig. 9, the isother-
mal lines are not plotted because they are too close to the
vertical wall.) An improvement can be observed in the skin
friction plot, where the difference from the asymptotic solu-
tion diminishes from 80% at y=100 to 30% at y= 500.
[This rather large error is justified by the relative thickness
of the secondary boundary layer. In fact, it can be seen from
Fig. 3 that at z=6 velocity attains 90% of its asymptotic
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Fig. 10 Bilogarithmic plot of the second wall skin friction for
L=500.

Fig. 11 Streamlines and isothermal lines in a 100 x 100 bortion of
the 500 % 500 calculation.

Fig. 12 Vorticity distribution in a 40 x 40 portion of the flowfield.

value. Choosing this limit as the boundary-layer edge, one
finds that y =2zx%* =6-(500)>/% =290.]

In both Figs. 7 and 9 the distortion of streamlines near the
fake truncation boundary can be noticed. To show a stream-
line plot free of this effect, a 100x 100 portion of the
500 x 500 solution is shown in Fig. 11. In this figure the
typical behavior of the outer region can be well recognized.
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Finally, Fig. 12 gives a three-dimensional plot of the vor-
ticity distribution on a 40x40 portion of the flowfield,
clearly showing the existence of the separate regions iden-
tified in the theoretical analysis, i.e., the two boundary
layers and the outer region of null vorticity. It is also in-
teresting to notice how the vorticity vanishes at the corner, in
accordance with the solution of the Stokes equations.

V. Concluding Remarks

The analysis performed using the matched asymptotic ex-
pansions technique has revealed several interesting features
of the natural convection flow in a corner, particularly con-
cerning the character of the flowfield outside the thermal
boundary layer.

Several distinct regions have been identified, giving exact
solutions for the approximate equations valid in each of
these regions. The vertical boundary layer has been found to
be characterized by the classical similar solution, and to be
the only region where thermal effects are present. In fact,
temperature decreases exponentially going out of this bound-
ary layer and is zero in all of the other regions. For the ir-
rotational outer region a solution depending on the angle ¢,
between the two plates has been found, with the peculiar
characteristic of becoming singular for an angle ¢q=47/3. A
solution of the infinite problem does not exist for angles
greater than this limit, because the influence of the far por-
tion of the heat source is not decreasing rapidly enough to
allow the Green’s function integral to converge.

For the secondary boundary layer formed on the second
wall, a similar solution has been found such that the bound-
ary-layer thickness decreases in the direction of the outer
flow and the fluid goes out of the boundary layer into the
outer region. This special behavior can be ascribed to the
rapid increase of velocity in the streamwise direction.

A solution has also been found for the Stokes equations,
describing the region very close to the corner.

The numerical solution of the full Navier-Stokes equations
has been performed by a variable-spacing method devised by
the present author for the case ¢,=7/2, confirming the
validity of the scheme adopted in the theoretical analysis. To
obtain an agreement between the numerical solution and the
solution for the secondary boundary layer it has been
necessary to extend the calculation to a very large domain
due to the slow convergence of the boundary-layer approx-
imation, which, in this case, can also be predicted
theoretically. In light of the analysis performed, the observed
error of 30% at y=500 is to be considered completely
satisfactory.
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